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Abstract
We consider a Weyl invariant extension of Dirac-Born-Infeld type gravity. An appro-
priate choice of the metric hides the scalar degree of freedom which is required by the
local scale invariance of the action at the first sight, and then a vector field acquires
mass. Moreover, nonminimal couplings of the vector field and curvatures are induced,
which may be suitable to the vector inflation scenario.
1 Introduction
The cosmological inflation is proposed as some resolutions for the important cosmological problems, e.g.
the flatness, horizon and monopole problems. Most of successful models are based on models of classical
scalar fields, although we have not known the reason of the existence of such fields in the theory of
elementary particle physics. Another inflation scenario, which is called the vector inflation, is proposed
by Ford [1] and some authors [2–4]. In such recent models [3, 4], the massive vector field couples non-
minimally to gravity. The Lagrangian density in the model [3] is expressed as
L = √−g
[
R
16pi
− 1
4
FµνF
µν − 1
2
(
m2 − R
6
)
AµA
µ
]
, (1)
where Fµν = ∂µAν − ∂νAµ and the Newton constant is unity (G = 1). If we assume the spatially flat
universe with the metric
ds2 = −dt2 + a2(t)dx2 , (2)
and Ai (i = 1, 2, 3) depends only on t and A0 = 0, then the equation of motion of the vector field Ai
becomes the following form
B¨i + 3
a˙
a
B˙i +m
2Bi = 0 , (3)
where Bi ≡ Ai/a. Eq. (3) is very similar to the one for a homogeneous scalar field in the Friedmann-
Lemaˆıtre-Robertson-Walker universe. Moreover, the energy density is expressed as ∼ B˙2i , which is also
similar to the one for the scalar field. Thus the approximately isotropic ansatz can be justified.
We have studied the vector inflation scenario [5] with Weyl invariance [6]. We found that the choice
of the frame yields the mass of the Weyl gauge field, but the nonminimal coupling term is lost [5]. We
need to generalize further the gravitation theory.
Dirac-Born-Infeld-Einstein (DBIE) theory was considered by Deser and Gibbons [7] and have been
studied by many authors [8]. The Lagrangian density of DBIE theory takes the following type
L ∼ ±
√
− det(gµν ± αRµν) , (4)
where Rµν is the Ricci tensor and the α is a constant. Originally, electromagnetism of the Dirac-Born-
Infeld (DBI) type has been considered as a candidate of the nonsingular theory of electric fields. Therefore
the DBIE theory as the highly-nonlinear theory is also expected as a theory of gravity suffered from no
argument of singularity.
We take notice of the nonlinearity in the DBIE theory and expect that the Weyl invariant DBIE
theory realizes the suitable scenario of the cosmological inflation.
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2 Weyl’s gauge gravity theory
In this section, we briefly review the Weyl’s gauge transformation to construct the gauge invariant La-
grangian. Consider the transformation of metric in D dimensions
gµν → g′µν = e2Λ(x)gµν , (5)
where Λ(x) is an arbitrary function of the coordinates xµ. We can define the field with weight d = −D−22
which transforms as
Φ→ Φ′ = e−D−22 Λ(x)Φ . (6)
In order to construct the locally invariant theory, we consider the covariant derivative of the scalar field
∂˜µΦ ≡ ∂µΦ− D − 2
2
AµΦ , (7)
where Aµ is a Weyl’s gauge invariant vector field. Under the Weyl gauge field transformation
Aµ → A′µ = Aµ − ∂µΛ(x) , (8)
we obtain the transformation of the covariant derivative of the scalar field as
∂˜µΦ→ e−
D−2
2
Λ(x)∂˜µΦ . (9)
The modified Christoffel symbol and the modified curvature are given as follows
Γ˜λµν ≡
1
2
gλσ
(
∂˜µgσν + ∂˜νgµσ − ∂˜σgµν
)
, (10)
R˜µνρσ[g,A] ≡ ∂ρΓ˜µνσ − ∂σΓ˜µνρ + Γ˜µλρΓ˜λνσ − Γ˜µλσΓ˜λνρ , (11)
where ∂˜µgσµ ≡ ∂µgσµ + 2Aµgσµ. The Ricci curvature is generalized as
R˜νσ[g,A] ≡ R˜µνµσ [g,A]
= Rνσ + Fνσ − [(D − 2)∇σAν + gνσ∇µAµ] + (D − 2)
(
AνAσ −AλAλgνσ
)
, (12)
where the field strength of the vector field is given by Fµν ≡ ∂µAν − ∂νAµ , which is gauge invariant
as Fµν → F ′µν = Fµν . Note that under the Weyl’s gauge transformation, The Ricci curvature (12) is
invariant
R˜νσ[g,A]→ R˜νσ[g′, A′] = R˜νσ[g,A] . (13)
3 Weyl invariant Dirac-Born-Infeld gravity
We can use the Weyl invariant Ricci tensor R˜µν in the DBI gravity. We should also use a combination
Φ
4
D−2 gµν instead of the metric tensor, because it is not Weyl invariant. Note that the scalar Φ compensates
the dimensionality of the metric. The use of R˜µν and Φ
4
D−2 gµν in the DBI type action leads to the theory
of gravity, a vector field, and unexpectedly, a scalar field.
Now we introduce the following independently Weyl invariant tensors into the determinant in the DBI
theory
Φ
4
D−2 gνσ , R˜
S
νσ[g,A] , R˜[g,A]gνσ , Fνσ , Φ
−2∂˜νΦ∂˜σΦ ,
Φ−2gλµ∂˜λΦ∂˜µΦgνσ , ∇˜σ(Φ−1∂˜νΦ) + ∇˜ν(Φ−1∂˜σΦ) , ∇˜µ(Φ−1∂˜µΦ)gνσ , (14)
where
R˜Sνσ[g,A] = Rνσ −
[
D − 2
2
(∇σAν +∇νAσ) + gνσ∇µAµ
]
+ (D − 2) (AνAσ −AλAλgνσ) , (15)
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and
R˜[g,A] ≡ gνσR˜νσ[g,A] = R − 2(D − 1)∇µAµ − (D − 1)(D − 2)AµAµ . (16)
We choose those as symmetric tensors are not traceless.4 Using the Weyl invariant tensors (14), our
model is described by the Lagrangian density
L = −
√
− detMµν + (1− λ)
√
− det(Φ 4D−2 gµν) , (17)
with
Mµν ≡ Φ
4
D−2 gµν − α1R˜Sµν [g,A]− α2R˜[g,A]gµν + βFµν
+γ1Φ
−2∂˜µΦ∂˜νΦ + γ2Φ
−2gλσ∂˜λΦ∂˜σΦgµν
−γ3
[
∇˜µ(Φ−1∂˜νΦ) + ∇˜ν(Φ−1∂˜µΦ)
]
− γ4 gλσ∇˜λ(Φ−1∂˜σΦ)gµν , (18)
where α1, α2, β, γ1, γ2, γ3, γ4 and λ are dimensionless constants.
5 Furthermore the Lagrangian density
can be expressed by the new metric conformally related to the original one and new variables. If we
choose
gˆµν ≡ f−2Φ
4
D−2 gµν , (19)
where a mass scale f was introduced, and
Aˆµ ≡ Aµ − 2
D − 2∂µ lnΦ , (20)
we can rewrite the Lagrangian density (17) as
L = −
√
− det Mˆµν + (1− λ)fD
√
−gˆ , (21)
where gˆ = det gˆµν and
Mˆµν = f
2gˆµν−α1R˜µν−α2R˜gˆµν+βFˆµν+γ′1AˆµAˆν+γ′2gˆρσAˆρAˆσ gˆµν+γ′3
(
∇ˆµAˆν + ∇ˆνAˆµ
)
+γ′4 ∇ˆρAˆρ gˆµν ,
(22)
in which γ′1, γ
′
2, γ
′
3 and γ
′
4 are dimensionless constants rewritten by the set of the former, α1, α2, γ1,
γ2, γ3 and γ4. Note that the scalar field Φ(x) is hidden away in the Lagrangian (21). The expansion
of the determinant in (21) yields the non-minimal coupling term to gravity of the vector field and the
induced curvature term as well as the ordinary scalar curvature and the gauge sector.6 Therefore (21) is
the promising Lagrangian for describing the vector inflation.
4 Cosmology of Weyl’s gauge gravity
We consider cosmological aspect of the theory described by the Lagrangian (21). We assume the four
dimensional flat universe and take the isotropic metric
ds2 = −dt2 + a2(t)dx2 . (23)
We also assume that only A1(t) is homogeneously evolving, and A2 = A3 = A0 = 0. By these ansatze,
we look for the condition that the vector field behaves much like a scalar field at classical homogeneous
level. Substituting the ansatze into (22), and after some calculation, we can extract the part of the
Lagrangian which includes bilinear and higher-order of the vector field A1. If we choose the parameters
4Judging from the number of fields and derivatives, the term Φ
−
4
D−2 gλµFνλFσµ is allowed in the same order. But
this term is different from others in the point that it includes two kinds of fields except for the metric. We discarded this
marginally possible term here.
5 If we demand that the terms with lowest derivatives in the expansion of the Weyl invariant Lagrangian density (17)
look like the one of scalar-tensor theory, we must choose as α1 + 4α2 > 0 and γ1 + 4γ2 + 4γ3 + 8γ4 > 0, for D = 4.
6The expansion of the determinant is known for various dimensions.
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as β2 = 12 (5α1γ
′
1 + 12α2γ
′
1 + 12α1γ
′
2 + 48α2γ
′
2) and (γ
′
3)
2 = − 12α1γ′1 , we find that the vector-field part
becomes
a3
[
1
2
(β2 − γ′32)B˙21 −
f2
2
(γ′1 + 4γ
′
2)B
2
1 −
1
8
(
−γ′12 + 4γ′1γ′2 + 8γ′22
)
B41 + · · ·
]
, (24)
where B1 =
A1
a
, which acts as a scalar field.
We can tune the parameters to obtain the model of the realistic inflation. If α2 = γ1 = γ2 = γ3 = γ4 =
0, or these parameters take small values in comparison with α1, there is only one parameter α1 in the
model. Unfortunately, the effective mass for B1 may be large in this simple model. Another tuning of the
parameters is also possible. If we choose appropriate parameters, the chaotic inflation [9] is practicable
via the self-interaction of the scalar field B1.
5 Summary and Outlook
We investigated Weyl invariant Dirac-Born-Infeld gravity. The choice of an appropriate frame breaks
the Weyl invariance, and the vector field acquires mass as well as non-minimal coupling to gravity, and
curvatures are induced. Therefore the Weyl invariant DBIE theory is expected to be a candidate for
a model which causes an inflationary universe. We also examined slow development of the massive
vector field and indicated that several scenarios of the inflation are possible by tuning of parameters
appropriately.
Future works are in order. Numerical calculation and large simulation will be needed to understand
the minute meaning of the Weyl invariant DBI gravity, because of the local inhomogenuity of the direction
as well as the strength of vector fields is important for thorough understanding.7 The inflation along
with a fast evolution, known as the DBI inflation, is also interesting. The similar scenario is feasible in
our model, though the higher-derivatives make the detailed analysis difficult. The higher-dimensional
cosmology in the Weyl invariant DBI gravity is worth studying because of its rich content. Incidentally,
DBI gravity in three dimensions is eagerly studied, which is related to new massive gravity theory. We
think that the Weyl invariant extension is also of much interest.
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